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Lappeenranta - South-East Finland

230 Km from St. Petersburg and Helsinki

Campus – Skinnarila district, by Lake 
Saimaa

City of Lappeenranta nominated for the 
European Green Leaf Award 2021

Carbon negative by 2024

SMR safety analysis and design 
framework – national effort towards 
decarbonisation

District heating - LUTHER

LAPPEENRANTA
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FEs & FETs FEs represent underlying data as a set of 
coefficients to orthogonal functions
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Reconstruction: 𝐹 𝜁 = ∑!)*+ (𝑎!𝜌# 𝜁 𝜓! 𝜁

Error = approximation + truncation

Jacobi polynomials, 𝐽!
,,. 𝜁 - Legendre, Zernike, etc.



MOTIVATION
Mesh-free / Non-discretization
(Monte Carlo alignment)

Storage / Memory
Transferral / Performance

Stochastic transformation to 
deterministic equivalence (functionals)



OUTLINE
Current status - Serpent 2.1.31

On-going

Coming-next

Future work

MODELLING
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MODELLING



MODELLING CURRENT STATUS SERPENT 2.1.31

ØLegendre polynomials: 𝑃' 𝑥 = ∑()*' 𝑛
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ØZernike polynomials: 𝑍'0 𝑟, 𝜙 =
𝑅'0 𝑟 Φ0 𝜙 𝑚 > 0
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cos𝑚𝜙 𝑚 > 0
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sin 𝑚 𝜙 𝑚 < 0

Polynomial basis:

ØCartesian geometry: 𝜓3 𝑥, 𝑦, 𝑧 = 𝜓(,5,2 𝑥, 𝑦, 𝑧 = 𝑃( 𝑥 𝑃5 𝑦 𝑃2 𝑧
ØCylindrical geometry (circle-XS): 𝜓3 𝑟, 𝜙, 𝑧 = 𝜓',(0 𝑟, 𝜙, 𝑧 = 𝑍'0 𝑟, 𝜙 𝑃( 𝑧

Convolution:



MODELLING CURRENT STATUS SERPENT 2.1.31
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Chong’s relationship.

Recursion formula:



MODELLING ON-GOING

ØZernike-based polynomials (derived from unit circle).
ØApproaches:

1.Gram-Schmidt orthogonalization process.
§ Pre-calculated polynomial term – non-recursive formula.
§ Geometrical/domain dependency.
§ Prone to numerical error – integral.

2.Diffeomorphism/conformal mapping – variable transformation.
§ On-the-fly coefficient calculation – recursive formula.
§ General methodology for regular 2D/1D.

ØProof-of-concept:
1.Angular/radial transformation.
2.Continuous/piece-wise transformation.
§ Annulus, sector and hexagon.

Geometry generalisation (regular) 2D/1D:



MODELLING COMING-NEXT

ØSpherical harmonics: 𝐾<0 𝑟, 𝜙, 𝜑 = 𝑅<
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ØSpherical convolution: 𝜓3 𝑟, 𝜙, 𝜑 = 𝜓<,<>
0,0> 𝑟, 𝜙, 𝜑 = 𝑅<

0 𝑟 𝑌<>0> 𝜙,𝜑
ØSpherical-harmonics-based: variable transformation (regular 3D geometry).

Geometry generalisation (regular) 3D.



MODELLING FUTURE WORK

ØSpherical harmonics generalisation + geometrical moments (voxel-like) – using 
existing N-tree search.

STL geometry.

ØFE orthogonal: smooth functions - independent coefficients.
ØApproaches:

1.Adaptive mesh: refinement (sampling) or coarseness (coefficient variance).
2.Filtering / regularisation: weighting coefficients – breaking orthogonality.

Modelling heterogeneities



APPLICATIONS



APPLICATIONS CURRENT STATUS SERPENT 2.1.31

ØCollision (volume) tally.
ØSingle reaction / energy / time / mesh-bin (non-subdivisions).

Detectors (dfet)

Interface (ifc – type 3 à 31/32)



APPLICATIONS ON-GOING

ØEnhance initial guess: FETs + response matrix solver.
1.FET-based coupling coefficients (response & source-to-response) reconstruction.
2.Response matrix solver runs based on FETs moments variance.
3.Stopping criteria tolerance-based.

Fission source acceleration.

ØSuper-imposed FETs (mesh-free).
ØFETs coefficients and moments track over generations – variance analysis.

1.Lo-/Hi- order (avoid noise).
2.Polynomial basis dependent.

ØFission source reconstruction – high dominance ratio.

Alternative metric to Shannon entropy.



APPLICATIONS COMING-NEXT

ØMultiple reaction / energy / time.
ØSurface & super-impose track length tally.

Detector options.

ØBased on FETs coefficients establish a stopping criteria between inactive / active 
cycles.

ØPossible coupled system with response matrix solver.

FET-based fission source convergency stopping criteria.

ØScoring Xe-135 / I-135 reaction rates with FETs and solving Bateman equations.
ØExpansion to other nuclides.

FET-based Xenon reconstruction.



APPLICATIONS FUTURE WORK

ØFE nuclide densities.
ØSolution coupled system.

FET-based burnup calculations.

ØTemporal / temporal + spatial FE – alternative polynomial basis.

FET-based time-dependent calculations.

FET-based diffusion coefficients (group constant 
generation).



UNDER CONSTRUCTION

Wiki page

Tutorial case

Post-processing script (serpentTools ?) 

THIS WORK IS FUNDED BY FORTUM AND NESTE FOUNDATION (FINLAND), UNDER GRANT
AGREEMENT NO. 20190207 - SMR SAFETY ANALYSIS AND DESIGN FRAMEWORK, 2019.



REFERENCES
[1]. W. Swantner and W. W. Chow. “Gram-Schmidt orthogonalization of the Zernike polynomials for general aperture 
shapes.” Appl Opt, volume 33, pp. 1832–1837 (2004). 

[2]. R. Upton and B. Ellerbroek. “Gram-Schmidt orthogonalization of the Zernike polynomials on apertures of arbitrary 
shape.” Opt Lett, volume 29, pp. 2840–2842 (2004). 

[3]. V. N. Mahajan and G. M. Dai. “Orthonormal polynomials in wavefront analysis: analytical solution.” J Opt Soc Am A, 
volume 24, pp. 2994–3016 (2007). 

[4]. G. M. Dai and V. N. Mahajan. “Nonrecursive determination of orthonormal polynomials with matrix formulation.” Opt
Lett, volume 32, pp. 74–76 (2007). 

[5]. F. Brown. “On the Use of Shannon Entropy of the Fission Distribution for Assessing Convergence of Monte Carlo 
Criticality Problems.” In Proceedings of PHYSOR 2006. Vancouver, BC, Canada, Sep. 10-14, 2006. 

[6]. D. P. Griesheimer, W. R. Martin, and J. P. Holloway. “Convergence properties of Monte Carlo functional expansion 
tallies.” J Comput Phys, volume 211, pp. 129–153 (2006). 

[7]. D. P. Griesheimer, J. Cheatham, J. P. Holloway, and W. R. Martin. “Improving Monte Carlo Source Convergence with 
the Functional Expansion Technique.” Trans Am Nucl Soc, volume 96, pp. 838–840 (2007). 



REFERENCES
[8]. T. Ueki, B. Chapman. “A Mesh-Input-Free On-The-Fly Source Convergence Indicator in Monte Carlo Power Method”.
J Nuc Sci Tech, volume 48, pp. 805-815 (2011).

[9]. B. Wendt, L. Kerby, A. Tumulak, and J. Leppänen. “Advancement of Functional Expansion Capabilities: 
Implementation and Optimization in Serpent 2.” Nuc Eng Des, volume 334, pp. 138–153 (2018). 

[10]. J. Leppänen. “Acceleration of Fission Source Convergence in the Serpent 2 Monte Carlo Code using a Response 
Matrix Based Solution for the Initial Source Distribution.” Ann Nucl Energy, volume 128, pp. 63–68 (2019). 

[11]. F. Brown, C. Jocey, S. Henderson, W Martin. “Automated Acceleration and Convergence Testing for Monte Carlo 
Criticality Calculations”. In Proceedings M&C 2019. Portland, Oregon, USA, Aug. 25-29, 2019.

[12]. A. Jambrina, J. Leppänen, and H. Suikkanen. “Enhancing the Performance of Fission Source Convergence with 
Functional Expansion Tallies in Serpent 2 Monte Carlo Code.” In Proceedings of PHYSOR 2020. Cambridge, UK, Mar. 
29-Apr. 2, 2020. 

[13]. S. Kumar, B. Forget, and K. Smith. “Stationarity Diagnostics using Functional Expansion Tallies.” Ann Nucl Energy, 
volume 143, pp. 1073–1088 (2020). 



THANKS FOR YOUR ATTENTION!
Ana.Jambrina@lut.fi

mailto:Ana.Jambrina@lut.fi



